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	Program Information
	[Lesson Title]

Introducing Interest


	TEACHER NAME
	PROGRAM NAME

	
	[Unit Title]

	NRS EFL(s)
4
	TIME FRAME
240 minutes, can split into 2 sessions



	Instruction 
	ABE/ASE Standards – Mathematics

	
	Numbers (N)
	Algebra (A)
	Geometry (G)
	Data (D)

	
	Numbers and Operation
	N.3.25

	Operations and Algebraic Thinking
	
	Geometric Shapes and Figures
	
	Measurement and Data
	

	
	The Number System
	
	Expressions and Equations
	A.4.6, A.4.7
	Congruence
	
	Statistics and Probability
	

	
	Ratios and Proportional Relationships
	N.4.9, N.4.9, N.4.12
	Functions
	
	Similarity, Right Triangles. And Trigonometry
	
	Benchmarks identified in RED are priority benchmarks. To view a complete list of priority benchmarks and related Ohio Aspire lesson plans, please see the Curriculum Alignments located on the Teacher Resource Center (TRC).

	
	Number and Quantity
	
	
	Geometric Measurement and Dimensions
	
	

	
	
	
	Modeling with Geometry


	
	

	
	Mathematical Practices (MP)

	
	(
	Make sense of problems and persevere in solving them. (MP.1)
	(
	Use appropriate tools strategically. (MP51)

	
	(
	Reason abstractly and quantitatively. (MP.2)
	(
	Attend to precision. (MP.6)

	
	(
	Construct viable arguments and critique the reasoning of others. (MP.3)
	(
	Look for and make use of structure. (MP.7)

	
	(
	Model with mathematics. (MP.4)
	(
	Look for and express regularity in repeated reasoning. (MP.8)

	
	LEARNER OUTCOME(S)

· Students will be able to recognize the difference between a loan and a deposit account based on an interest equation.  
· They will also compute account values and interest rates using exponents and roots.

	ASSESSMENT TOOLS/METHODS
· Each of the “you do” steps will serve as assessment.  The instructor should be able to gauge understanding by having different students provide their solutions and explanations of how they arrived at that solution.  In addition, during the “we do” steps, instructors should be encouraging all students to participate in the discussion.  The ability to provide input in these discussions will help the teacher gauge each student’s mastery of the concepts.

· For a summative assessment, have students turn in some of the problems from the Balancing Act worksheet.

	
	LEARNER PRIOR KNOWLEDGE

· Recognition of equations
· Ability to perform all four arithmetic operations on whole numbers, fractions, decimals, and percents.  (The conversions from Percentages and Prices may help them as they should be able to change the percents into decimals or fractions to help with multiplication.)


	
	INSTRUCTIONAL ACTIVITIES 

Note:  Keep in mind that your class may not need to go through each piece of the activities below.  Please pick and choose which elements to incorporate into your actual lesson based on what you know of your students.  You will need to adjust which segments to keep and which to skip based on the ability level of your students.  As this lesson plan tries to incorporate multiple levels, some activities may be above or below your students’ levels.  In addition, extra sample problems may need to be incorporated based upon your particular class.  

Note:  This lesson will have instances of parentheses to denote an order of operations.  Though order of operations is technically in the next lesson, What to Do First?, it would be beneficial to let students know that if they see parentheses, they do the operations inside first, followed by the exponents that will be discussed in this lesson.

1. If you want students to use the SmartPALs, make sure they have those to begin. Calculators may also prove handy for this lesson, but I encourage you not to hand them out to begin with.  We want them to explore the math concepts without any aid before we allow them to simplify the process with the use of calculators.  This lesson stems from the financial world, specifically interest.  Interest can be gained on deposit accounts (savings and checking accounts) or it can be something that is paid, as in a loan.  Let’s introduce the idea of starting a savings account to help pay for college expenses.  Without going too in depth now, let them know that there are two main ways an account can accumulate interest.  One way to calculate interest is based solely on what you put in initially.  So, if we start a savings account with $100 that earns 5% interest, we gain $5 every year.  For students that need some review working with percents, you could go over a few problems with them using explicit instruction.  For example:

(I do) If we have an account that has an initial value of $250 and it gains 2% interest each year on that initial value, how much will be in the account in 10 years?
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[image: image3.png]3250 + $50 = 3300 after 10 years




(We do) An account with an initial value of $500 earns 1% interest per year.  After 20 years, how much is in the account?
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(You do) If an account is started with a $1,000 deposit and earns 5% interest each year, how much will be in the account in 5 years?

$1,250

2. Another way interest can be calculated is based on what is in the account at the start of each year.  In this case, our $100 account earning 5% interest gains $5 that first year.  The second year, however, we gain 5% interest on our new balance of $105.  This means we gain $5.25 in interest in that second year, which is slightly better than our original interest calculation.  If we try to write out the two calculations, we will see that the first one is always going to be:  [image: image7.png]$100 - 5%.




In our second calculation, we have the same expression for the first year.  The second year changes the equation, as we now have:

[image: image8.png]



We can rewrite that in terms of our previous equation since we know that $105 is the balance after receiving interest that first year.  Now we have:  [image: image9.png]($100 + $100 - 5%) - 5%.




This pattern will continue indefinitely.  For every year we want to find our interest, we will multiply once more by 5%.  What happens after 20 years?  Do we need to write out 5% twenty times?  There is actually a short hand notation for this, an exponent.  Using the distributive property, we can write the above expression, after two years, as:  [image: image10.png]($100 - 5%) + ($100 - 5%





Practice setting up this type of problem using explicit instruction.  For example:

(I do) If we have an account that has an initial value of $250 and it gains 2% interest each year on the current value, how much will be in the account in 2 years?
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[image: image12.png]Year 2: ($250 + $250 - 2%) - 2% =





(We do) An account with an initial value of $500 earns 1% interest per year.  After 3 years, how much is in the account?
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[image: image14.png]Year 2: (3500 + $500 - 1%) - 1% = ($500 - 1%) + (3500 - 1%~)




[image: image15.png]Year 3: [($500 - 1%) + ($500 - 1%7) + $500] - 1% =
(%500 - 1%) + ($500 - 1%2) + ($500 - 1%°)




(You do) If an account is started with a $1,000 deposit and earns 5% interest each year, how much will be in the account in 4 years?

[image: image16.png]Year 4: ($1,000 - 5%)+($1,000 - 5% )+ ($1,000 - 5%") +($1, 000 - 5%")




Since the superscript notation may be new, let’s explore what it means.

3. Make sure everyone has a copy of the Exponents and Roots handout as well as some of the cubes.  (Depending on class size and amount of cubes, it is okay to work in pairs or small groups.)  Exponents allow us to more easily write multiplication of the same number over and over.  As in the scenario above, we do not want to write out 5% times itself twenty times.  

(I do) Squaring and cubing (raising to the 2nd and 3rd powers) are the most common uses of exponents.  We can show this using our cubes.  We first want to find the values of [image: image18.png]


 and [image: image20.png]


, using our cubes.  We are going to find the values of [image: image22.png]


 and [image: image24.png]


.  While we could write these out as multiplication and just find the answers using arithmetic, we want the students to understand what is going on.  We will base our implementation on the “area model” for multiplication.  When multiplying two numbers, we can think of the two factors as side lengths.  The answer then is the area of the rectangle those sides encompass.  Using your blocks, grab enough so that you can make a 4x4 square.  Since we have 4 along one side and 4 along the adjacent side, we have represented 4 times 4 in an area model.  Counting the squares, we see we have 16 altogether.  For “4-cubed” we will do something similar, only now we need to add a height dimension.  This time, make a 4x4x4 cube.  Counting up the total number of blocks (64), we have our answer to [image: image26.png]


.

(We do) Unless we want to get into using an impractical amount of cubes, we’ll need to keep the numbers small.  Have the students walk you through finding [image: image28.png]


 and [image: image30.png]


.  The solutions should be 9 and 27.

(You do) Have the students work on [image: image32.png]


 and [image: image34.png]


 as well as [image: image36.png]


 and [image: image38.png]


.

4. You should have just covered much of the handout.  They can read over it themselves, including the properties.  We won’t spend too much time on the properties here (unless you choose to) as we are more worried about computation as opposed to manipulation.  The next thing to cover, then, is roots, or fractional exponents. 

(I do) Since we would cover squaring and cubing with the blocks, we can also cover taking the square root and taking the cube root.  We want to solve [image: image40.png]


 and [image: image42.png]


.  We want to find the square root of 9.  In other words, what number, when multiplied by itself will give me a product of 9?  We also want to find the cube root of 27: what number, when multiplied by itself 3 times will give me 27?  We will once again use the blocks, this time doing our original activity in reverse.  Start with 9 blocks and form a square with them.  Since it comes out perfectly, we just need to see the side length is 3 to have our answer.  Do a similar thing with 27 blocks, making a cube this time.  It should also come out even with a side length of 3.  Thus, our answer to both problems is 3.

(We do) Have the students walk you through taking the cube root of 64, as well as the square root of 16.  (You can also choose other square roots: 25, 36, 49….  You could do other cube roots, but the amount of blocks will get rather large.)

(You do) Have the students find the cube root of 8 (and 1), and the square root of 4 (and 1).

Following the above activities (or during) it would be appropriate to show students how to solve exponents/roots using a calculator.  Introduce them to the following keys: [image: image44.png]


, [image: image46.png]


,  [image: image48.png]


, [image: image50.png]


, and [image: image52.png]s



.  This will allow them to solve imperfect squares/cubes and other roots and exponents quickly.

5. We can now go back to our interest problems, and go a bit more in depth on them.  Let’s start with “simple interest.”  If we think back to the beginning of the lesson, simple interest meant that we always received (or paid) the same amount of interest on just our initial investment.  In our initial example, that was 5% on an investment of $100.  To find out what we have after that first year, we would add $100 to the amount of interest earned.  In other words,

[image: image53.png]$100 + $100 -





If we did this for multiple years, say 3, we would just multiply our interest portion by 3.  In other words, we would have:

[image: image54.png]$100 + $100 - 5% -




We can generalize this a bit.  If we think of $100 as our “Initial value” or “IV”, 5% as our “interest rate” or “r”, and 3 as our “time in years” or “t”, then we would have:

[image: image55.png]Initial

alue + Initial Value - Interest Rate - Time in Years,





or:

[image: image56.png]IV + 1V




Now we can plug in values for any number of problems.

(I do) As an example, let’s say that we invest $1,000 at a simple interest rate of 1% for 10 years.  How much would be in the account at the end of those 10 years?  Our initial value is $1,000.  Our interest rate is 1%, or .01, or [image: image58.png]


.  Our time in years is 10.  We want to find the amount of interest added to our initial investment to find our current value.  As we have a generalized formula now, we can just plug in the necessary amounts.  Our formula above would become:

[image: image59.png]$1.000+ $1.000- .01 - 10.




If we plug that into our calculators, for ease, we would get $1,100 in the account after 10 years.

(We do) Have the class walk you through plugging in the values and solving the scenario where Brett buys a car and gets a loan on simple interest.  He borrows $20,000 and gets an interest rate of 5% over 5 years.  How much would he owe back in total at the end of the loan?  In this case, our formula becomes:

[image: image60.png]$20.000 + $20, 000 - .05 - 5.




and he would owe $25,000 at the end of the loan.

(You do) If Shirley invests $10,000 at 0.5% simple interest for 10 years, how much will her investment have grown to at the end of the investment?

[image: image61.png]$10, 000 + $10,000 - .005 - 10,




which gives her $10,500 after 10 years.

6. While simple interest keeps the interest constant over a period of time, it really isn’t all that helpful when trying to build a savings account.  People would rather earn interest on the extra money they are receiving each year.  This is possible when interest is compounded, which is the more common way interest is now calculated for bank accounts.  In this case, if we remember from the beginning of the lesson, we calculate interest on the amount in the account at that time.  Our earlier example gave our current value after as 

[image: image62.png]$100 + $100 -





If we think about the distributive property, and our ability to use it backwards, we could rewrite the above as:

[image: image63.png]$100 (1 4+ 5%) .




Since 5% is the same as 0.05, we can get our current value by multiplying our previous balance by 1.05.  The above problem would give us $105 after our first year.  Our second year, then, would give us, 

[image: image64.png]$105(1 + 105 - 1.05 = $100 - 1.05 - 1.05 = $100 - 1.05%,





which gives us $110.25 no matter how we write it.  This shows us that power we had when we first introduced this type of interest.  Just like we did with simple interest, we can generalize this into a formula.  Let’s call what we have before calculating the interest each year our “Present Value” or “PV”, our 0.05 is our “Interest Rate” or “r”, and 2 is our “Time in Years” or “t.”  This gives us:

[image: image65.png]Present Value(1 + Interest Rate)Time in Years




or,

[image: image66.png]PV(1+r)t.




Note: This is for interest that is compounded once yearly.  There are other ways to compound interest, which would change the interest rate and time a bit in the above formula.  It is up to you whether you mention this for clarity or use the simple formula above.

(I do) Let’s take that same example as before, where we invest $1,000 for 10 years at a rate of 1%.  This time, however, the interest is compounded yearly.  How does this change our value after 10 years?  We want to find out how much our account is worth if our present value is $1,000, our interest rate is 1% or 0.01, and our time is 10 years.  We will use the above formula and then compare it to our answer for the formula using simple interest.  Our formula becomes:

[image: image67.png]$1.000(1 4 .01)*,




which gives us about $1,104.62 after 10 years if we plug it into our calculators.

(We do) Have the class re-do the earlier example done together using compounded interest.  So, Brett buys a car and gets a loan on compounded interest.  He borrows $20,000 and gets an interest rate of 5% over 5 years.  How much would he owe back in total at the end of the loan?  In this case, our formula becomes:

[image: image68.png]$20,000(1 + .05)°,




which gives us about $25,525.63.  Note:  This would only count if he waited until the very end to repay the entire loan.  If he were making payments, the interest would be calculated based on how much he has already paid.

(You do) Have the students re-do the example from earlier.  If Shirley invests $10,000 at 0.5% compounded interest for 10 years, how much will her investment have grown to at the end of the investment?

[image: image69.png]$10.000(1 + .005)*°




which gives her $10,511.40 after 10 years.

7. In order to make deciding between simple and compound interest accounts a little more challenging, the interest rates between the two often differ.  Otherwise, it would be easy to always choose the compounded interest account.  Using the Balancing Act handout, we will explore this concept.

Note: The handout could be done after the optional activity in the Technology Integration section.  It will explain how to insert formulas into Microsoft Excel, but the problems can be done without that program.  It would just be a supplement to help students see what is happening.  If Excel will not be used, you can just skip to the part with the actual problems. 

(I do) Walk the class through the first problem on the handout. 

We will be calculating both simple and compounded interest.  Our initial value will be $500,000, our interest rates will be 0.015 for simple and 0.013 for compounded, and our time is 20 years.  We will use the formulas from earlier.  Our simple interest formula becomes,

[image: image70.png]$500. 000 + $500, 000 - .015 - 20,




giving us $650,000.00, and our compounded interest formula becomes,

[image: image71.png]$500,000(1 + .013)%°,




giving us $647,379.45.  Thus, the simple interest account is the better option.

(We do) Have the class walk you through doing problem #2.  In this case, our formulas and answers are,

[image: image72.png]$50. 000 + $50,000 - .02 - 10,




giving us $60,000.00, and our compounded interest formula becomes,

[image: image73.png]$50.000(1 + .0175)*°,




giving us $58,472.22.  Thus, the simple interest account is the better option.

(You do) Have the class work on the rest of the problems, turning some into you so you can check their understanding.  Answers can be found on the teacher’s answer key.


	RESOURCES

SmartPAL kit

· Inserting a blank sheet of paper into the sleeves will give students a reusable sheet of paper that they can quickly try answers out on and erase without using up a pencil eraser.  It’s quicker as well.

Calculators for student use
Student copies of Exponents and Roots handout (attached)
Cubes for student use
Student copies of Balancing Act handout (attached)



	
	DIFFERENTIATION



	Reflection
	TEACHER REFLECTION/LESSON EVALUATION



	
	Additional Information

Next Steps

One possible next step would be to incorporate roots and exponents into equations and solve those using more algebraic techniques.  Another possibility would be to work on graphing the interest relations and seeing how exponential growth/decay compares with linear growth/decay.
Purposeful/Transparent

Since students want to be able to perform calculations based on interest accounts, instructors will utilize examples involving bank loan/deposit accounts to introduce the topics of exponents and roots.
Contextual 

One example of context for roots/exponents is in the world of finance with interest.  They also appear in problems of population growth/decay which is a biological application and for freefall problems which is a physics/engineering application.
Building Expertise

Now that students are aware of exponents/roots, they can do problems using each part of the pedmas acronym for order of operations.  In addition, exponents allow students to study higher algebra problems and graphs.



Balancing Act Answers
Problems
	1. Jen has won the lottery and decides to take a lump sum payment that amounts to $500,000.  She has the option of putting this into either an account with a simple interest rate of 1.5%, or an account with a yearly compounded rate of 1.3%.  Which account should she choose, and how much will she have after 20 years?
Simple Interest: $650,000.00

Compounded Interest: $647,379.45

She should choose the account with simple interest.
	2. Frank receives an inheritance after his parents pass away.  After expenses and taxes, he is left with $50,000.  He can put this into a simple interest account with a rate of 2%, or into a compounded interest account with a rate of 1.75%.  Which should he choose, and how much will he have after 10 years?
Simple Interest: $60,000.00

Compounded Interest: $59,472.22

She should choose the account with simple interest.

	3. Daphne decided to consolidate her money into one checking account.  She has $35,000 and was offered either a simple interest rate of 0.5% or a compounded interest rate of 0.48%.  If she plans on leaving the money in there for at least 25 years, how much will she have after those 25 years for each type of account?
Simple Interest: $39,375.00

Compounded Interest: $39,451.06

She should choose the account with compounded interest.
	4. Bradley sells his car for $7,500.  He plans to put the money into an interest earning account to let it grow for 5 years.  He can choose from a simple interest account with a rate of 1.5%, or a compounded rate of 1.35%.  Which is the better option for him and how much will he have after 5 years?
Simple Interest: $8,062.50 

Compounded Interest: $8,020.10 

She should choose the account with simple interest.

	Challenge Problem

Sara’s parents start a savings account for her when she is born.  They deposit $500 into the account to start it, and plan to deposit an additional $500 into the account each year on her birthday.  In addition, the bank agrees to give them an account that earns 0.25% interest compounded yearly.  Figure out how much would be in the account on Sara’s 18th birthday for college use.


Each year, the interest is compounded on the new amount.  So, the first year, it is calculated on $500.  The amount after that first year, then, is $501.25.  Then, the parents add $500, so the second year’s interest is calculated on $1,001.25.  The amounts following each year are:

	Years
	Account Value
	Years
	Account Value

	1
	$501.25
	11
	$5,583.19

	2
	$1,003.75
	12
	$6,098.40

	3
	$1,507.51
	13
	$6,614.90

	4
	$2,012.53
	14
	$7,132.68

	5
	$2,518.81
	15
	$7,651.76

	6
	$3,026.36
	16
	$8,172.14

	7
	$3,535.18
	17
	$8,693.82

	8
	$4,045.26
	18
	$9,216.81

	9
	$4,556.63
	19
	$9,741.10

	10
	$5,069.27
	
	


If using Excel, the formula to enter in year one is the same as the normal compounded interest formula.  For year two (and on), you will want to put:

[image: image74.png]=(F2+$C$2)*(1+$C$3)
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F2 (which will adapt for each subsequent cell) tells Excel to use the value at the end of the previous year, while the $C$2, $C$3$ values will always tell Excel to use the specified yearly deposit and interest rate.
Balancing Act

Using Formulas in Excel
Microsoft Excel allows us to set up formulas that will solve math problems for us.  This allows us to enter different values into the cells and see outcomes without having to do the separate calculations each time.
If we open up a new Excel file, we can input formulas for simple and compound interest and then compare the two.  Let’s say we want to compare what happens with a $10,000 investment over 25 years when we have either a simple interest of 5% or a compounded interest of 3%.  To start, I’m going to set up places to input all my information.
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Here, we can see that cell B2 (column B, row 2) has “Initial Value=” in it.  In the cell immediately to the right, I will input my initial value.  Similarly, I will input my simple interest rate as a % into cell C3, and my compounded interest rate % into C4.  Column E will be my years, and F and G will be the calculated values.
To set up my years, I could just go down the column and enter 1 through 25.  That is tedious, however, so I’m going to do it with an equation.  In E2, I will enter a 1.  For E3, however, I will set up an equation, as can be seen in the formula bar.  Since I want my years to be one more as I go down the column, I am going to have Excel add one to the cell above it.
[image: image76.png]3
Years __simple Account Value Compounded Account Value

t Rate= =142

i





Then, when I hit enter, a 2 will be in that cell.  I can then highlight that cell and copy it (right click and go to copy or press Ctrl+C).  Next, I will highlight all the cells I want to have a year in them, in my case I want 25 years, so I will highlight all the way down to E26.  I will then paste that formula to those cells (right click the highlighted cells and go to paste or press Ctrl+V).  I now have my years set up.
At the same time, let’s enter our initial value of $10,000, and our interest rates of 5% and 3% (be sure to include the $ and % signs!).
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Before we do the formulas for the account values, let’s set up our cells to show us money values.  

Highlight all the cells that will show account values:
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Then, right click and choose “Format Cells…”
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In the new window, you want to make sure you have selected Currency as the category.  Then, since we are dealing with money, I have set my Decimal places to 2 to represent cents.  Negative numbers will not be something we will deal with in this activity, but you can also choose how those appear here as well.  After selecting your options, click the OK button to go back to your spreadsheet.
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Now, we will enter our interest formulas.  Before, when we did years, we entered E2 to represent the cell above ours.  (Note: You can also click on the desired cell instead of typing in its name.)  If you highlight any of the cells with a year in it, you will notice that value changes.  For instance, in cell E10, the formula has E9 in it.  Excel adapts our formulas to work with the cell it currently occupies.  It took our idea of “add 1 to the cell above this one” and adapted it to all the cells we pasted that into.  For our account value calculations, we will want to modify this a bit.

For simple interest, our formula is:

[image: image81.png]Initial

alue + Initial Value - Interest Rate - Time in Years,





So, we will take the values in cell C2, C3, and column E.  First, we will highlight cell F2.  We will then type in the formula:
[image: image82.png]=8C$24$CS27SCS27E2
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Notice that this differs from before as we have put $ signs around C2 and C3.  This is because when I copy the formula to the rest of column F, I do not want Excel to shift C2 and C3 to the cells below them.  I want the formula to always have those specific amounts in it.  Also, note that for multiplication we use the asterisk symbol (*).   Now, I can copy and paste that formula into cells F3 through F26 to get the calculated amounts for the Simple Interest Account.  (This can be done the same way as we did for the years formula.)
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Now, I will do the Compounded Account formula:

[image: image84.png]Present Value(1 + Interest Rate)Time in Years




and in Excel:
[image: image85.png]=5C52°(145CSA)E2
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Again, we use the $ symbol to tell Excel to always use those two cells, and we use the ^ symbol to denote raising to a power.  Also, note that we cannot assume multiplication between the initial value and the parenthesis, we must tell Excel exactly when we mean to multiply.  After copying and pasting this to the rest of column G, I have:
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Now, we can manipulate the values in our initial value and interest rate boxes and the account values will reflect this.

Problems
	1. Jen has won the lottery and decides to take a lump sum payment that amounts to $500,000.  She has the option of putting this into either an account with a simple interest rate of 1.5%, or an account with a yearly compounded rate of 1.3%.  Which account should she choose, and how much will she have after 20 years?


	2. Frank receives an inheritance after his parents pass away.  After expenses and taxes, he is left with $50,000.  He can put this into a simple interest account with a rate of 2%, or into a compounded interest account with a rate of 1.75%.  Which should he choose, and how much will he have after 10 years?



	
	

	3. Daphne decided to consolidate her money into one checking account.  She was offered either a simple interest rate of 0.5% or a compounded interest rate of 0.2%.  If she plans on leaving the money in there for at least 25 years, how much will she have after those 25 years for each type of account?


	4. Bradley sells his car for $7,500.  He plans to put the money into an interest earning account to let it grow for 5 years.  He can choose from a simple interest account with a rate of 1.5%, or a compounded rate of 1.15%.  Which is the better option for him and how much will he have after 5 years?



	
	

	Challenge Problem

Sara’s parents start a savings account for her when she is born.  They deposit $500 into the account to start it, and plan to deposit an additional $500 into the account each year on her birthday.  In addition, the bank allows them to choose between a savings account that earns 0.3% simple interest or one that earns 0.2% compounded interest yearly.  Figure out how much would be in each account on Sara’s 18th birthday for college use.

(Hints: Year 1 would be the year Sara is born.  Her 1st birthday, then, would be year 2, and her 18th birthday would be Year 19.  Also, her parents put in an additional $500 into the account every year.  Would this change the way simple interest is calculated?  Would it change the formula for how much is in an account at the end of each year?  Would it change the way compounded interest is calculated?  Would it change the formula for how much is in that account at the end of each year?)


Exponents and Roots

	The exponent of a number tells us how many times to multiply a number by itself.  The base is the number that we are multiplying by.  For instance, if our base is 2 and our exponent is 3, then we will multiply 2 by itself 3 times:

[image: image87.png]



We use exponents to make writing multiplication simpler.  It is far easier to write

[image: image88.png]



 than it is to write 

[image: image89.png]
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When we use exponents, we read the expression [image: image92.png]23



 as “two to the third power.”  Power is just a way for us to note the use of an exponent.  Some common exponents are given other names.  For instance, [image: image94.png]22



 can be read as “two to the second power” or as “two squared,” while [image: image96.png]23



 can be read as “two to the third power” as well as “two cubed.” 
If our exponent is negative, on the other hand, we are dividing.  In this case, if we have [image: image98.png]


, then we are dividing 1 by 2 3 times.  So, we could write:

[image: image99.png]



Another way to think of this is to think about taking the reciprocal of [image: image101.png]23



.  In this case, we could write:

[image: image102.png]



In either case, we find that

[image: image103.png]



One special exponent is 0.  If we raise any base to the power of zero, our answer is 1.  So:

[image: image104.png]
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There are some properties of exponents that allow us to simplify problems where they appear.  There are five properties we want to be aware of.

	Property


	Example

	1. [image: image131.png]

	1. [image: image132.png]




	2. [image: image133.png]




	2. [image: image134.png]




	3. [image: image135.png]




	3. [image: image136.png]




	4. [image: image137.png]




	4. [image: image138.png]




	5. [image: image139.png]




	5. [image: image140.png]





	A root can also be known as a radical or a radical exponent.  This means that our exponent is a fraction.  

Taking the root means that we want to find a number that when multiplied by itself a certain number of times, gives us the number we are taking a root of.  For instance, in the example at the right, we want to find a number that when we multiply it by itself a total of three times, we get 8.  Based on the exponent example from the beginning, we know that if we take 2 multiplied together 3 times, we get 8.  Thus:

[image: image107.png]
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In the example above, we took the “cubed root,” or the “third root.”  If we take the “square root,” or the “second root,” of 4, we want to find the number that when multiplied by itself gives us 4.  Thus, since 2 multiplied by itself gives us 4, we have:

[image: image109.png]



We can simplify square roots, as they are the most common, by dropping that 2 and just writing:

[image: image110.png]



Taking a root is the inverse operation of taking a power.  In other words, roots “undo” powers, much like subtraction “undoes” additions and division “undoes” multiplication.  For example, if we take the fourth root of a number that was previously raised to the 4th power, we arrive back at the original number:

[image: image111.png]



This will allow us to see why we can represent roots as fractional exponents.  Let’s think back to our third property of exponents:

[image: image112.png]



If we give ourselves a concrete example, let’s say we want to find what root would “undo” taking the square of 3.  In other words, what could I do to [image: image114.png]32



 to just get back to the number 3?  In mathematical terms, we want:

[image: image115.png]



Based on our property, we know that,

[image: image116.png]



And, based on the definition of exponents, we know that,

[image: image117.png]



This tells us that we want to find the number that when multiplied by 2 gives us 1.  This number is [image: image119.png]


, so,

[image: image120.png]



This tells us that taking the square root is the same as raising to the [image: image122.png]


 power.  Similarly, taking the cube root is the same as raising to the [image: image124.png]


 power, taking the fourth root is the same as raising to the [image: image126.png]


 power, and so on.  

What if we raise a number to a power that is neither an integer nor a unit fraction?   For example, what if we wanted to find [image: image128.png]972



 ?  In this case, we want to again use that third property of exponents and split that exponent.  Then we have, 

[image: image129.png]



In other words, we can always consider the bottom part of the fraction to be our root and the top part of the fraction to be our power.  So, we could have written the initial problem as,

[image: image130.png]Vo3
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